Abstract. We discuss some new expressions for rational functions for which the Hausdorff distance between the range over a given interval and the interval arithmetic evaluation has the order of the square of the width of the given interval.
W(f,X):= [f(u),f(v)]
is the range of f over X it holds that provided we have
d(g(X»~cld(X), d(h(X» <: c2d(X).
These last two relations are valid if, für example, we use Horner's scheme in evaluating g(X) and heX). In the sense of (3), W(f, X) is therefore linearly approximated by feX). In his book [5, § 6 .2], R. E. Moore has demonstrated by some examples that using the so-caIled centered form of f allows one to replace d (X) by the square of d (X) on the right-hand side of (3). Furthermore, he made the conjecture that this is true in general. Tbe centered form is described by Moore in the following manner:
Let there be given a rational function f(x) and areal number c = m (X) (= the midpoint of the interval X) at which f is defined. Then we have
where the real function t is defined by
The representation (4) of I is calIed the centered form. For t the only assumption is that the number of occurrences of the variable y in the expression chosen for t~y) cannot be further reduced by canceIlations. For example,
is not allowed. In this case we have to use t(y) = 2y + 1.
Moore's conjecture now reads (in a different but because of [1, eq. (21) , p. 24J equivalent form):
If
q( wU, X), I(X»~a d(X)2
holds.
Although it is perhaps gene rally known, we first show by a simple example that without additional assumptions on the expression used für t(y), (6) does not hold.
Let for t and evaluate (7) by first evaluating w(X -c) then multiplying this interval by X -c and adding!, then we actually have the estimation (6) . In general, the foIlowing is true. If (8) then for x -c is "multiplied into the dividend" of w(x -C). If, for example,
., , 1+ (x -cr then the relation (6\ holds for
as weIl as for
no matter how the polynomials involved in these expressions are evaluated. Then we have
.
Despite the good approximation of Wtf, X) by (9) and (10), its use has one great disadvantage: if r« s then the evaluation of (9) needs many more operations than (1), for example. Therefore, the question arises: Do there exist "simpler" expressions far f which nevertheless possess the property (6)?
We first note that we can write (10) in the form
Exactly in the same way as it was done for (9), (10) in [1, p. 44 ff,J, for example, one can show that (6) holds for (9), (10'). We omit the details.
Since L~=ob~(X-c)Y can be computed trom L:=l b~(X-C)Y-1 by multiplying with X -c and then adding bb, the disadvantage of (9), (10) for r« 5 does not exist for (9), (10'),
On the other hand it follows by the property of subdistributivity (see [6, p. 13] ) that the evaluation of (9), (10) is always contained in the evaluation of (9), (10').
In [1, p. 41 ff.] it was proven that the so-called mean-value form,
which was introduced by Moore [5, § 6 .3J, has the property (
In both cases one has to evaluate not only the derivatives of g and h, but also g and h themselves at the interval X.
2. Some new quadratic convergent cases. In the sequel we will show that under certain conditions for g and h, there exist expressions that are simpler than the centered form (9) or the mean-value form (11) for which (6) holds.
In order to simplify the notation, we assum.e without loss of generality that h (c) = 1: h (c ) ;i= 0 is necessary in order that f is defined for all x EX. Then we can write f, given by (1) as , ,
The range of f can be obtained by division of the range of bbf by bb. Correspondingly, oneobtains an interval-arithmetic evaluation of f by dividing the evaluation of b~f by bb. Tberefore (6) is proven for f ifwe have proven this relation for bbf. We can therefore assume that f given by (1) has also the following representation:
We are now ready to prove the following: 
OE 1+(X -c)h'(X).

Then under the condition (13) rhe relation (6) holds for f X) := ab + (X -c)g'(X).
(
(g'(X) is any evaluation of the derivative of g for which d(g'(X»~ßd(X) holds. For example, one can use the given representation of g in (1), form the derivative and then use Horner's scheme. The same is true for h'(X).)
Proof. We prove (b). (The proof of (a) can be performed in an analogous way and is in some parts even easier.) First we note that for areal interval Because of c = m (X) the divisor of (14) can be written as
+ (X -c )h'(X) = 1+ [-r, r], where
The absolute value Ih'(X)1 is defined as Ih'(X)1:= q(h'(X), 0). Using (15) and the subdistributive law of interval arithmetic (see, e.g., [6, p. 13]), we have for (14)
From this it follows immediately that the width of f(X) satisfies the relation
Correspondingly, we have for the range of f over the intervalX the representation
where u, v EX. Using (12) we have
and therefore, by (17), 
d(W(f, X»~la~b~!d(X) + ia~! dLX) + O(d(Xr).
H, however, Using (16) and (18) we have
As a special case of the preceding theorem, we have the following: We now illustrate OUf results by some simple examples. Example 1.
We 
1-2r 1+2r
we also get
as predicted by theory.
Example 2. Although condition (13) seems at first sight to be rather artificial and only necessary for the given proof of Theorem 1, the following example shows that without (13) the statements of Theorem 1 are not true in general. Let
r<2.
2+x
The relation (13) does not hold in this example. We have From this it follows that in this case we only have it follows that -, -,
. T2 Tl 3. The n-dimensional rase. In the remainder of this paper, we discuss the generalization of Theorem 1 to the multidimensional case. Let x = (Xi) be areal n -vector, and let
f(x}=g(x)
h (x)
be a rational function of the n variables Xl, X2, . . . , Xn. Then, in the same way as for n = 1, f can be written as Here, again, ao and bo represent real numbers but ay, 1::: y~T, and by, 1~y~S, are y-linear operators trom IRninto IR(see, for eX,1mple, [7, Def. 17.2] ). Furthermore, let there be given n compact real intervals Xi, 1~i~n. If we denote by X = lXi) a vector wh ich has the intervals Xi as components, then analogous to (3) we have In [8J Ratschek has given an explicit formula for the centered form in the multidimensional case, which is similar to (10).
Let c be the vector c = (m (X;), and suppose that f(x) can be represented as ,r 
